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Abstract  
I d e n t i f i c a t i o n  of spat ia l ly  varying parameters  in  
distributed  parameter  systems from noisy d a t a  i s  a n  
ill-posed  problem. The concept of r e g u l a r i z a t i o n ,  
widely  used  in  solving  linear Fredholm integral  equa- 
t i o n s ,  i s  developed f o r  t h e  i d e n t i f i c a t i o n  of parameters 
in  distributed  parameter  systems. A general   regulariza- 
t i on  iden t i f i ca t ion  theo ry  i s  f i r s t  p re sen ted  a n d  then 
appl ied   to  a parabolic  identification  problem. Methods 
fo r  t he  numerical  implementation of the   regular iza t ion  
i d e n t i f i c a t i o n  approach are  a lso presented.  
1. Introduct ion 
Consider the following distributed parameter dynam- 
i c  system: 
- t A ( t ) u  = f ,  in  R x ]O,T[ 2 U  a t  
u ( x , O )  = u 
B.u = g .  , j = 0,. . .  , m=l, o n  r x 10,Tl 
0 '  
in  R 
J J 
where Q c Rn  with  boundary ? and 0 < T < a n d  where 
B . u  = b .  (x , t )Dxu , j = 0 ,..., m-I  
Jh 
h 
I h l 9 j  
with 0 < m. = order  of B .  < 2m-1. 
- J  J -  
The parameter  ident i f ica t ion  problem associated 
with  the  above dynamic system  can be s t a t ed  a s  fo l lows :  
Assuming the  input   funct ion f ,  t h e  i n i t i a l  c o n d i t i o n  
a n d  the  boundary condi t ion(  s )  t o  be known, a n d  given an 
observation of u, determine the system operator  A(t) ,  
i . e .   the   parameters  a ( x , t ) .  
P9 
A number of important   physical   ident i f icat ion prob- 
lems f a l l   w i t h i n   t h e  above  framework.  For  example,  the 
pa r t i a l   d i f f e ren t i a l   equa t ion  
governs  the  temperature  distribution  in an inhomogene- 
ous so l id  o r  t he  p re s su re  d i s t r ibu t ion  in  a f luid-con-  
taining  porous medium. I n  the  case of f luid  f low  in  a 
porous medium, CY i s  termed the   t ransmiss iv i ty .  For 
models of petroleum reservoirs and subsurface aquifers 
the  t ransmiss iv i ty  i s  genera l ly  inaccess ib le  to  d i rec t  
measurement, a n d  i t s  value  must be infer red  from meas- 
urements of the pressure u a t  wel l s .  
The key d i f f i c u l t y  i n  developing  successful  numeri- 
cal   techniques  for   ident i fying  spat ia l ly-dependent  param- 
e t e r s   i n   p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   i s   t h e   f a c t   t h a t  
such  problems are  i l l -posed  in  the  sense  of  Hadaaard 
([SI). I t  can be shown  by homogenization  theory [ l ]  
tha t  d i f f e ren t i a l  ope ra to r s  w i th  h igh ly  osc i l l a to ry  co- 
e f f i c i e n t s  can be "replaced" by very  d i f fe ren t  opera tors  
a n d  s t i l l   y i e l d   p r a c t i c a l l y   t h e  same response.  Lions 
[9 ]  has ,  i n  f ac t ,  c i t ed  the  main d i f f i c u l t y  i n  i d e n t i -  
fy ing   d i s t r ibu ted   coe f f i c i en t s   i n  p a r t i a l  d i f f e r e n t i a l  
equations  as  preventing  excess of o s c i l l a t i o n s  i n  t h e  
c o e f f i c i e n t s .  
The idea of regular iza t ion  of i l l -posed  problems 
was f i r s t  proposed by Tikhonov ([13] ,   [14])   as  a method 
of so lv ing  l inear  Fredholm integral   equat ions of the  
f i r s t  kind.  Further  development of t he   t heo ry   fo r   i l l -  
posed 1 inear  operator  equations  followed ([12]). Modern 
oractical  numerical  methods  for  the  solution of l i n e a r  
Fredholm integral   equat ions  involve  regular izat ion ([16]. 
The object  of  the present  work i s  t o  develop a reg- 
u l a r i z a t i o n  t h e o r y  f o r  t h e  i d e n t i f i c a t i o n  of parameters 
in  distributed  parameter  systems. I n  5 2  an a b s t r a c t  
ident i f ica t ion   theory   i s   deve loped .  I n  53 the  theory i s  
appl ied t o  a pa rabo l i c   i den t i f i ca t ion  problem. 54 sug- 
ges t s  methods f o r  t h e  numerical  implementation of the  
regular iza t ion   ident i f ica t ion   approach .  
2 .  I d e n t i f i c a t i o n  by Regular izat ion-Abstract  Theory 
Let d, U and F be Banach spaces .  c$ represents  a 
space of p a r t i a l   d i f f e r e n t i a l   o p e r a t o r s ,  U represents  
the suace of so lu t ions  and F the space of r i g h t  h a n d  
s ides .   Consider  a system  described by 
y ( A , u )  = f (2 .1 )  
where Y i s  a mapping,  not  necessar i ly  l inear ,  from 
x U i n t o  F.  We assume: 
( A l )  'Y i s  of C - c l a s s  ( k  > 1) k 
( A 2 )  There i s  an open subset  .Sc of d a n d  a n  open 
- 
subset  U, of U such t h a t  VA € d C ( 2 . 1 )  admits a 
unique solution u € U c .  
(A3) VA dC Vu U ( A , u )   i s  a l i n e a r  homeo- c a u  
morphism of U o n t o  F .  
Thus,  one  can  define an implicik funct ion u = @ ( A )  
a s   t he   so lu t ion   o f   (2 .1 ) .  0 i s  of C - c l a s s  from dc 
i n t o  U c .  I t s  f i r s t   d e r i v a t i v e  @ ' ( A )  a s s o c i a t e s  
6A &+ d u  ?'(A) * & A  U ,  where 6u i s   t h e   s o l u t i o n  of 
2 ( A , u )  - d u  + x ( A , u )  - 6A = 0 ay a u  ( 2 . 2 )  
50 
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F u r t h e r n o r e ,   c o n s i d e r   t h a t  A depends on a s e t  o f  
p a r a m e t e r s  -, b e l o n g i n g   t o   t h e   B a n a c h   s p a c e  .'.. The 
s e t  o f  p h y s i c a l l y  a d m i s s i b l e  -, i s  .'. a d  ~ - :.. he  assume:  
( A 4 )  A ;  .'. + 4 i s  o f  c - c l a s s  ( k  > 1) 
( A 5 )  .'.ad i s  a n o r m - c l o s e d   c o n v e x   s b b s e t   o f  .' 
(A6) A(:.ad) : dc 
k 
- 
'.lobT t h e   i d e n t i f i c a t i o n   p r o b l e m   c a n   b e   p o s e d   a s   f o l -  
1 G W S :  
K n c r ' i n g  t l e m a p p i n g s  : ; A x  U + F a n d  A ;  _'. - &' and 
t n e   e l e i r e n t  f € F a n d   g i v e n   a n   o b s e r v a t i o n   o f  u ,  f i n d  
-. .'. t o   s a t i s f y  ( 2 . 1 ) .  ad 
Ue n e e d   t o   b e   o r e c i s e   a b o u t   t h e   n a t u r e   o f   t h e   o b -  
s e r v a t i o n   o f  u .  T h u s ,   c o n 5 i d e r  a H i l b e r t   S p a c e   * ( O b -  
s e r v a t i c n   S p a c e ) .   D e n o t e   b y  .'.x t h e   c a n o n i c a l   i s o m o r -  
p h i s m   o f  ,X' o n t o  X ' .  A l s o ,   c o n s i d e r   a n   o b s e r v a t i o n  
o p e r a t o r ,   n o t   n e c e s s a r i l y   l i n e a r ,  g; U f X a n d  a s s u r e  
(AT) -e i s   o f  C - c l a s s  ( k  i 1) 
Tne s i t u a t i o n   i s   d e p i c t e d  i r  F i g u r e  1. 
k 
- 
A 
Q 
PARAMETER OPERATOR  SOLUTION OBSERVATION 
SPACE SPACE SPACE SPACE 
F i g u r e  1 
T h u s ,   t h e   i d e n t i f i c a t i o n   p r o b l e m   c a n   b e   v i e w e d   a s  
s o l v i n g   i n  ' t h e   ( n o n l i n e a r )   o p e r a t o r   e q u a t i o n  "ad 
( g  5 < c A ) ( - , )  = Z d  ( 2 . 3 )  
I f  t h e   o p e r a t o r  .i A ;  .'. - X h a s  a u n i q u e   i n v e r s e  
a n d   t h e   i n v e r s e   i s   c o n t i n u o u s ,   o n e   c a n ,   u n d e r   c e r t a i n  
c o n d i  t i o q s  ([4]), a p p l y  t h e  l e a s t - s q u a r e s  m e t h o d  ( [ 3 ] ,  
[SI). I t  c o n s i s t s   o f   r r i n i m i z i n g   o v e r  .'ad t h e   f u n c t i o n a l  
J LS = I %(;(A(;,))) - zdilx 2 (2.4) 
a d  
A s  m e n t i o n e d   i n   t h e   i n t r o d u c t i o n ,   t h e   i d e n t i f i c a -  
t i o n   o f   s p a t i a l l y - v a r y i n g   p a r a m e t e r s   i n   d i s t r i b u t e d  
p a r a m e t e r   s y s t e m s   i s ,   a s  a r u l e ,   a n   i l l - D o s e d   p r o b l e m  
( n o n - c o n t i n u o u s   d e p e n d e n c e  on t h e   d a t a ) .  I n  o t h e r  
w o r d s ,   t i l e   p r o b l e m   o f   s o l v i n g  ( 2 . 3 )  i s   i l l - p o s e d .   H e n c e ,  
m i n i m a   o f  JLs(') o v e r  .'ad ( i f  a n y )  wil n o t   d e p e n d   c o n -  
t i n u o u s l y  on t h e   d a t a   z d .  
I n  o r d e r   t o   r e g u l a r i z e   t h e   p a r a m e t e r  > ,  we i n t r o -  
d u c e  a p o r e   r e g u l a r   s p a c e  s, f o r  w h i c h  we a s s u r e :  
(AB) 3? i s  a H i l b e r t   s p a c e .  
(AS) S i s   d e n s e l y   i m b e d d e d   i n  :.. 
(AlO) l i m e   i m b e d d i n g   o p e r a t o r   f r o m  5P i n t o  .". i s   c o m p a c t .  
D e f i n e  sad =gn8 .'. W i t h  ( A 5 )  a n d  ( A 9 )  i s  
r e a d i l y   f o l l o w s   t h a t  sad i s  a n o r m - c l o s e d   c o n v e x   s u b -  
s e t  o f  s. 
a d '  
We now i n t r o d u c e  t h e  s;;S<:<zC:-.s .?<?-z;;c;:cL .~ 
J ( - . )  = I I - . l , 2  S a '  .' xad ( 2 . 5 )  
a n d   t h e  sycs;;:<-,:; z-,.-.:z;;s;:z, . -  y .  
J - ( ; )  = J L s ( - ' )  + 2Js ( ' . )  , -. € Xad ( 2 . 6 )  
w h e r e  S :> 0 i s   t h e  ! ? e g : , . : z ~ q < ~ z ; < ~  :~:r.c~z;e:~. I d e n t i f i -  
c a t i o n   b y   r e g u l a r i z a t i o n   p r o c e e d s  a s  f o l l o w s .   G i v e n  
zd € X  and  9 0, f i n d  . d z  € gad so as t o   m i n i m i z e  
d 
J - 0 ) .  
THEOREF: 2.1:  ;sa:,.-e z;:?; (Al)-(A4) 2r.S ( A 6 ) - ( A 9 ;  ::;e 
.." ," ~. - _ _  _J_, _-_,. 2. _,n-_ r;,r 
, l .d ,.i 
. -  
J , ( I )  = %'( < ( A ( - , ) ) )  - ~ ~ ~ k t  , 2  2 , .  i l x  2 ( 2 . 7 )
<E z-- Ck-z1,2;, - -;:OS; _.. t gJ?<yc;<ye  Jl(;); 2- p! <e 
z;-;g;: 52 
JL(')-:f, - .  1% ( A ( - . ) , U ) G A ' ( ; ) . E ; , , ; ] ~ ~ ,  
' ? A  
t 22(  5- ; ) 
S 
( 2 . 8 )  
.. A : . ~ ~ ~ ~  , u 2s . -:,:E s s , ; , . ; ; ~ ~  - .  s.-" : ( A (  - ,)  ,u)  f T.,:? c <E ;:g 
35 ,:,.;;;-/. 0.2 
[% .U ( A ( ; ) , u ) ]  c = - Z [ ~ ' ( U ) ] * : . ~  ( @ u )  - z d )  ( 2 . 9 )  
>-7,,- r - . T h a t  J,:(.,) i s   o f  C - c l a s s  i s  a n  i n m e d i a t e  c o n -  k 
sequence o f  (Al)-(A4), ( A 7 )  and  ( A 9 ) .  
- .  
l* 
E x i s t e n c e   a n d   u n i a u e n e s s   o f   t h e   s o l u t i o n   o f  
:(A(; ) ,u) = f i s   g u a r a n t e e d   b y   ( A 2 )   a n d   ( A 6 ) .  
E x i s t e n c e   a n d   u n i a u e n e s s   o f   t h e   s o l u t i o n   o f   ( 2 . 9 )  
f o l l o w s  f r o m  t h e  f o l l o w i n g  f a c t s :  
( a )  - 2 [ g " ( u ) ]  .'.* (%(L) - z d )  U ' ,  
( b )  [$ ( A ( ' ) , u ) ] *  i s  a l i n e a r  homeomorphism o f  F '  
% 
o n t o  u ' ,  as  a r e s u l t  o f  ( ~ 3 ) .  
T h e  f o r m u l a  f o r  t h e  d e r i v a t i v e  o f  J , (  ;-.) f o l l o w s  
e a s i l y   f r r o m   ( 2 . 2 )   a n d   ( 2 . 9 ) .  
THEOREF.? 2 . 2 :  ;.iSec XEAT;<~;:S (Al)-(AlC), ;?e 
i 
. *  2. ~.-, ,. /,?- Y - J < Z  ., 
J ~ ( - , )  - = i l g (  < ( A ( - , ) ) )  - Zdl$+ si;lI w 2 
rrrr- i o  c C , 5 5 T ,  -;;-;-?,.y 9: . .  _ . _  . .  Sad ' 
-?rs~': L e t  .:;\ 3 be a m i n i m i z i n g   s e q u e n c e   a n d  
m = i n f  J2(.,). It i s  e a s y   t o   s e e   t h a t  { I n : *  i s  norm- 
bounded i n  3. H e n c e ,   t h e r e   i s  a subseouence  ;. 
t h a t  c o n v e r g e s  i n  t h e  w e a k   t o p o l o g y   o f  2 t o  some 
n 
' € S a d  - 
'k 
C Bad. By (A10)  I:.,, j c o n v e r g e s   t o  1 i n   t h e   s t r o n g  
t o p o l o g y   o f  _'. a s   w e l l .   F i n a l l y ,   u s i n g   t h e   c o n t i n u i t y  
o f  t h e  f u n c t i o n a l  J L s ( ? )  i n   t h e   n o r m - t o p o l o g y   o f  _.. and  
t h e  weak  lo,,Jer s e m i c o n t i n u i t y  o f  J s ( ; )  i n  s, i t  i s  n o t  
d i f f i c u l t  LU s e e   t h a t  m = J i , ( > ) .  
PROPOSITION 2.1:  i r e _ n e s s c q  ~ S Y ~ ~ C C Y  .Js~ >. 
;S s e  ~ : s s c ;  T ~ Y < T P  sf J1( i) w t4e SET 
k 
. _ . _  . Sad is 
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so t h a t  
So f a r  we h a v e  e s t a b l i s h e t  e x i s t e n c e  o f  a minimum 
o f   t h e   s m o o t h i n g   f u n c t i o n a l  on sad a n d   h a v e   g i v e n  a 
n e c e s s a r y   c o n d i t i o n   f o r   o p t i m a l i t y .  Now we wil show 
t h a t  m i n i m a  o f  J, d e p e n d   c o n t i n u o u s l y   o n   t h e   o b s e r v a -  
t i o n .   T h i s   w i 1 l " b e   t h e   k e y   r e s u l t   o f   t h e   r e g u l a r i z a t i o n  
a p p r o a c h .   R o u g h l y   s p e a k i n g ,   w h a t   h e   n e x t   h e o r m   s a y s  
i s  t h e  f o l l o w i n g :  
5 
L e t  j, b e   t h e   " t r u e "   v a l u e   o f   t h e   p a r a m e t e r   a n d  
id = 01 $ ( A ( ) ) ) ) ,  w h a t  we w o u l d  h a v e  o b s e r v e d  w i t h  a 
z e r o - e r r o r   o b s e r v a t i o n .   P r o v i d e d   t h a t  
( i )  i i s   t h e   u n i q u e   p r e i m a g e   o f   z d  
( i i )  B i s  a n   a p p r o p r i a t e l y   c h o s e n   f u n c t i o n   o f   t h e   o b -  
s e r v a t i o n   e r r o r , a n y   m i n i m u m   o f   J 2 ( ; ) )   c o n v e r g e s   ( i n   t h e  
n o r m   o f  :.) t o  i, a s   t h e   o b s e r v a t i o n   e r r o r   t e n d s   ( i n   t h e  
n r o m  o f  X ' )  t o  z e r o .  
5 
THEOREM 2 . 3 :  For  0x2 3 > 0 ~ : 3  z E X, &i ;G$e  5~ a 
j 3  € gad 0x2 P;LK:W,T 0; J a (  i , )  cg gad. A L S O ,  denoze 
Sy T, ;?e c lass  of .fx_ntims thsf ?re  w m e g c t i ; e ,  
n o r ~ e c r e ~ s z x ~  cg-rtFd.qx~>.s 0% t k e  i n t e ~ a E  [0 ,a,]. 
. .  
. 1  . 
Suppose 
i id € 3 0 ri.XiGue 5 € Sad g i z k  ZS d = W ( ? ( A ( i ) ) )  
Then v E > 0 'd B1, B 2  € T; ;.i*t: 
"1 
B 2 ( 0 )  = 0 1 B1(s)- < B 2 (&)I 
z 
So i,, and A b e l o n g   t o   t h e   s e t  
T h e  f u n c t i o n  q(6) = (5 2 + B 2 ( 6 ) I ~ ~ 1 1 ~ ) '  + 5 i s  a c o n t i n -  
u o u s  m o n o t o n i c a l l y  i n c r e a s i n g  f u n  t i o n  s a t i s f y i n g  ~ ( 0 )  = 
0. Hence ,   one   can   choose  d = $- ' ( - ( (E) )  and   have  
' I % ' ( G ( A ( j p ) ) )  - T d i i X 5  ?(E) V5 < E o .  Thus we see 
0 
6 - 
" L  
0 t h a t  for a l l  ? s a t i s f y i n g  ~ 1 ( 5 ~  5 3 5 B 2 ( C ) ,  t h e  i n -  
e q u a l i t y  1lzd - idlb 5 G i m p 1  i e s  t h e  i n e q u a l i t y  
Il;,> - i , l l ,  < E .  
, -  
I t  r e m a i n s   t o   i n d i c a t e  how t o  s e l e c t  t h e  r e g u l a r i -  
z a t i o n   p a r a m e t e r   a s  a f u n c t i o n   o f   a n   u p p e r   b o u n d  6 on 
t h e   o b s e r v a t i o n   e r r o r   ( i   . e .   I ; z d  - idl~;yp 5 5 )  
Yezkm!  1. When an a p r i o r i   u p p e r   b o u n d   o n  i i ) , i I g  i s  
known, i . e .  l l i t ~ l w  5 ;I, one   can   choose  3 ( t )  = (C/:) . 
(When 5P i s  a Sobol   ev  space,  !: i l g i  s a measure   o f  
s m o o t h n e s s . )  We n o t e   f i r s t   t h a t   t h i s  c h o i c e  o f  E s a t i s -  
f i e s   t h e   a s s u m p t i o n s   o f   T h e o r e m   2 . 3 .  F u r t h e r m o r e ,  if 
5 
2 
' e ( . : )  i s  a m i n i m i z e r  of  
o n  Sad, t h e n  
hence 
i . e .   r e g u l a r i z e d   s o l u t i o n s   s a t i s f y   t h e   c o n s t r a i n t s   u p  
t o  a f a c t o r  o f  f l .  
:dezbs' %: T h i s   m e t h o d   h a s   b e e n   s u g g e s t e d   b y   T i k h o n o v  
a n d   A r s e n i n  [15].  T h e i r   s u g g e s t i o n   i s   t o   c h o o s e  E ( & )  
so t h a t  
N o t e   t h a t   s u c h  a E ( 6 )   i n   g e n e r a l   n e e d   n o t   e x i s t .   I n  
[ 7 ]  n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n s  f o r  e x i s t e n c e  
a r e   g i v e n .   A l s o   n o t e   t h a t   s u c h  a s e l e c t i o n   o f  e does 
n o t   v e r i f y   t h e   a s s u m p t i o n s   o f   T h e o r e m   2 . 3 .   H o w e v e r ,  
f o l l o w i n g  t h e  i d e a  o f  i t s  p r o o f ,  o n e  c a n  show 
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3 .  A p p l i c a t i o n   t o  a P a r a b o l i c   I d e n t i f i c a t i o n   P r o b l e r r  
( a j   D i s t r i b u t e d   O b s e r v a t i o n  
L ? t  
a bounded  oDen  subset   o f  W n  
: t h e   b o u n d a r y   o f  .?, a C - m a n i f o l d  w i t h  C l o c a l l y  1 
T a r e a l   n u m b e r   w i t h  C < T == 
o n   o n e   s i d e   o f  T 
Q = T: .x ]O,T[ 
1 = : x j O , T [  
a n d   c o n s i d e r   t h e   f o l l o w i n g   p a r a b o l i c   s y s t e r  
u ( x , ~ )  = u o ( x )  , i n  .- (3.1)  
T h e   v a r i a t i o n a l   f o r r J l a t i o n   o f   t h e   a b o v e  Neumann 
p r o b l e r   i s   a s   f o l l o w s  
+ J a o ( x ) u v   = $ f v  ~v c v 
u ( x , C )  = u o ( x )  
where  '/ = H ( - )  1 
b e  assume t h a t   h e   p 3 r a r e t e r s   a .  a, € C o ( = . ) ,  
i . e .   t h e   p a r a m e t e r   s p a c e  J k '  
w h i c h  i s  a B a n a c h   s p a c e   w i t h   n o r m  
The s e t  o f  a d m i s s i b l e  parameters i s  t a k e n  t o  b e  
V t  C Rn vy 6 :. a n d   a o ( x )  c, V A  € 1 I 
w h e r e  .. and  Y a r e   g i v e n   o o s i t i v e   n u m b e r s ;  so  ( A 5 )  i s  
s a t i s f ' e d .  
P + $ a o ( x ) u v  ~ u , v  v 
The o p e n   s u b s e t   o f &  
4 = {A € d 1 3; 0:  ( A v , v ) " , "  2 : f 8 v I ~ v   t / v  € V 
i s   t h e   s e t   o f   c o e r c i v e   o p e r a t o r s .  I t  i s   s t r a i g h t f o r -  
w a r d   t c   v e r i f y   a s s u r r p t i o n s  (A4) ( w i t h  k = =) and  (A6). 
Systerr  ( 3 . 1 )  ( v a r i a t i o n a l   f o r m u l a t i o n )   c a n  now  be 
2 
r e w r i t t e n  i n  a m o r e   c o r m a c t   f o r m   a s   f o l l o w s :  
d U + A u = f  
d t  
u ( 0 )  = un " 
w h e r e  we h a v e   u s e d   t h e   n o t a t i o n  X ( v )  i n  p l a c e  o f < _ t V  du Ts U 
a n d   f ( v )   i n   p l a c e   o f   J f v .  It i s  known ( [ l o ,  p .  16121) 
3 
t h a t   f o r   e v e r y  A € f 6 L L ( O , T ; V ' )   a n d  uo 6 L L ( T . ) ,  
( 3 . 2 )  a d m i t s  a u n i q u e   s o l u t i o n  u € U = U ( 0 , T )  = 
Cu/u t L (O,T;V) ,  E € L ( O , T ; V ) : ,   w h i c h   d e p e n d s   c o n -  
t i n u o u s l y  o n  f and uo .  
2 du 2 
T a k i n g  F = L 2 ( 0 , T ; V ' )  x L 2 ( 1 ) ,  Uc = U = h'(O,T) and  
d e f i n i n g   t h e   m a p p i n g  
!; ( A , u )  € A x  U + ( X  + A u ,  u ( 0 ) )  € F 
i t  i s  n o t  d i f f i c u l t  t o  v e r i f y  a s s u m p t i o n s  ( A l )  ( w i t h  
k = = ) ,  ( A 2 )   a n d  ( A 3 ) .  
f r o m   d i s t r i b u t e d   o b s e r v a t i o n   i . e .   b y   o b s e r v i l l g   u ( x , t ?  
i n  Q .  Take  
du 
F i n a l l y ,   s u p p o s e   o n e   w a n t s   t o   i d e n t i f y   a j k   a n d  a 
x = L*(Q) 
.'x = i d e n t i t y  
= i n j e c t i o n   o f   L l ( 0 , T )   i n t o  L (4) 2 
= 2 ( U ( x , t )  - z d ( x , t ) ) ,  <;: Q 
[ p ( x  ,T) = 0 , ;.,: 
( b )  P o i n t   O b s e r v a t i o n -  
. -  
G i v e n  a s e t   o f   d i s c r e t e   p o i n t s  x , ..., x. € :, we 
now c o n s i d e r  t h e  i d e n t i f i c a t i o n  o f  t h &  ~ y s t e r r ~ ( 3 . 1 )  b y  
o b s e r v i n g   u ( x . , t ) ,  i = 1 , . . . ,  L .  We h a v e   s e e n   o r e v i -  
o u s l y   t h a t   t h &  weak s o l u t i o n  o f  ( 3 . 1 )  l i e s  i n  
. T h u s ,   f o r  a we k s o l u t a o n   u ,   t h e   p o i n t  
has  mean ing  i f  H ? (:) Z C (:.)<=>n c 2.  
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S i n c e   s u c h   a n   a s s u m p t i o n   i s   o v e r l y   r e s t r i c t i v e ,  we w i l l  i t  i s   n o t   d i f f i c u l t   t o   v e r i f y   a s s u m p t i o n s   ( A l )   ( w i t h  
c o n s i d e r   h e r e   s t r o n g   s o l u t i o n s ,   w h i c h   l i e   i n  k = x ) ,  ( A 2 )  a n d   ( A 3 ) .  
H 2 " ( Q )  ( h e n c e  t h e y  l i e  i n  C o ( o )  f o r  n - < 3 ) .  Now t o   i d e n t i f y   ( a j k )   a n d  a. i n   ( 3 . 1 )   f r o m   a n   o b s e r -  
We w i l l . m a k e   s t r o n g   r e g u l a r i t y   a s s u m p t i o n s ,   s u c h   a s   v a t i o n  O f  at the points 'i' = ' ' * ' ' '  '' take 
r i s  a n  ( n - 1 ) - d i m e n s i o n a l  C 2 - m a n i f o l d ,  w i t h  R x = ( L ~ ( o , T ) ~ ~  
l o c a l l y   o n   o n e   s i d e   o f : a n d   a . € C1(3) ,  a. € Co(?2),  .'I* = i d e n t i t y  
i . e .   t h ep a r a m e t e r   s p a c e  J k  
/. = ,x C ~ ( C ) )  x c o ( n )  n g ;  u { x , t )  t H ~ ' ~ ( Q )  + ( u ( x i  , t), i = I , .  . . , 2) 
, j , k = l  c ( L ~ ( o , T ) ) "  
w h i c h  i s  a B a n a c h   s p a c e   w i t h   n o r m  
T h u s   ( A 7 ) - ( A 1 0 )   a r e   a u t o m a t i c a l l y   s a t i s f i e d .  
The s e t   o f   a d m i s s i b l e   p a r a m e t e r s   i s   t a k e n   t o   b e  
.*.ad = { ), ;!/x a j k ( x ) c j c k  3 K(6:  + . . . + cn )  2 n 
j,lc=1 
So t h e  t h e o r y  o f  s e c t i o n  2 i s  a p p l i c a b l e  a n d  t h e  
r e s u l t s   o f   T h e o r e m s   2 . 1 - 2 . 4   h o l d .   F u r t h e r m o r e ,   f r o m  
T h e o r e m   2 . 1   o n e   c a n   d e d u c e   t h e   f o l l o w i n g   s p e c i f i c  
r e s u l t :  
THEOREM 3 . 2 :  Giue?-. z d  = ( z d  (t), . . . ,  ( t ) )  € ( L 2 ( 0 , t ) y  
mad > 0, 2ke s m o o ~ h i ~ g  functionaZ 
b't t Rn b ' x  € 2 a n d   a o ( x ) l  Y~ b ' x  ? 1 1 Zdu 
I u 1  
w h e r e  K a n d  K a r e   g i v e n   p o s i t i v e   c o n s t a n t s ;   s o   ( A 5 )   i s  J3 ( ) , )  = [ u ( x i , t ; j , )  - z ( t ) ]  2 d t  + ~ ~ ~ j , ~ ~ s  2 
s a t i s f i e d .  1=1 0 di 
As o p e r a t o r   s p a c e  we t a k e  
w i t h  a C1(n) a n d  a. L Co(.')] 
j k  
w h i c h  i s  a B a n a c h   s p a c e   w i t h   n o r m  
I IA l lcg = max l l l a .  II , l lac l i  i 
J k  CO( n )  
a n d   d e n o t e   b y  dc i t s  o p e n   s u b s e t  
A € d / I A  - e 7 , i s  a r e a u l a r   e l l i p t i c  i s  22 9 
2 V  
s y s t e m   o n  n x R v F [- , 11 1 
Y 
It i s   s t r a i g h t f o r w a r d   t o   v e r i f y   a s s u m p t i o n s   ( A 4 )   ( w i t h  
k = m) a n d   ( A 6 ) .  
I t  i s   k n o w n l ( [ l l ,   p .   3 3 1 )   t h a t   f o r   e v e r y  A -Qc, 
f € L 2 ( Q ) ,  u € H1(G)  and g € H 1 / 2 ' 1 / 4 ( Z ) ,   t h e   b o u n d -  
a r y - v a l u e   p r 8 b l  em 
u ( x , O )  = uo , i n  R 1 
a d m i t s  a u n i q u e   s o l u t i o n  u € U = H 2 ' l ( Q )   t h a t   d e p e n d s  
c o n t i n u o u s l y   o n  f, uo and  g .  
T a k i n g  F = L 2 ( Q )  x H1(Q) x H1'2y1'4(C), a n d   d e f i n -  
i n g  t h e  m a p p i n g  
'?;(A,u) € SP x U + [  $ + P . u ,  u ( x , O ) ,  t F 2U 
l L i o n s   a n d  M a g e n e s   u s e   s h a r p e r   r e g u l a r i t y   c o n d i t i o n s  
f o r  r a n d   t h e   c o e f f i c i e n t s   o f  A .  H o w e v e r ,   t h e   r e s u l t  
r e m a i n s   u n a l t e r e d .  See  Remark 6 . 1   i n  [ll, p .   3 5 1   a n d  
Theorem  3 .3  i n  [ 3 ,   p .  321.  
n 
u 
p ( x , T )  = 0 , in R 
Bernork: The f i r s t   t e r m   i n   t h e   e x p r e s s i o n   f o r  J;(A) 
c a n   b e   f o r m a l l y   r e w r i t t n   a s  b, 
b y   u s i n g   G r e e n ' s   f o r m u l a  
4 .   N u m e r i c a l   M i n i m i z a t i o n   o f   t h e   S m o o t h i n g   F u n c t i o n a l  
( a )   G r a d i e n t   m e t h o d s   ( i n f i n i t e - d i m e n s i o n a l )  
T h e   m i n i m i z a t i o n   o f  J (i,) c a n   b e   c o n v e n i e n t l y   c a r -  
r i e d   o u t   b y  a g r a d i e n t   m e t z o d   ( [ 2 ] , [ 6 ] ) ,   i n   w h i c h  J i s  
i t e r a t i v e l y  m i n i m i z e d  a l o n g  t h e  g r a d i e n t  d i r e c t i o n , B  
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lJ,/:-,, w h i c h   i s   d e f i n e d   a s   t h e   u n i q u e   e l e r e n t  c € 3 
s a t i s f y i n g  J ; ( - , ) * t -  = (:,hj* ' d h  € 3. T h e   c a l c u l a t i o r  
o f  L r e d u c e s   t o   a n   ( i n   g e n e r a l )   a a r t i a i   d i f f e r e n t i a l  
e c u a t i o ? ,  w h , i c h  h a s  t o  b e  r L r e r i c a i 1 ; q  s c l v e d  i r  each  i t e r -  
a t i o q ,   t o g e t h e r   w i t h   t k e   s t a t e   a n d   a d j o i p t   e q u i t i o n s .  
d 
c. 
T h i s   i s   t i l e   s o - c a l l e d   s t e e p e s t   d e s c e n t   m e t h o d .  
H i g h e r  s r d e r  g r a d i e n t  w t h o d s  a r e  a l s o  a p p l i c a b l e ,  b u t  
t h e   c o r 3 h t a t i o n a l   e f f o r t   i s   p r o h i b i t i v e .  
( b j  C i s c r e t i z e d   r i n i n i z a t i o n   r r e t h o d s  
L e t  ici be a c o m p l e t e   o r t h o r o r m l   b a s i s   f o r  SP 
a n d  3i'!i t h e  j.lbSpace o f  3' soanned  by  t ,  ,. . .  , t p I .  
*N i s  a f i n i t e - d i m e n s i o n a l   c l o s e d   s u b s p a c e   o f  2 a n d  
lim d ( . , Z r 4 )  = Z ' d ; c 2  
+-c 
For eac i l  9 ,  l e t  I N  s a t i s f y  
J , ~ ( " : j )  5 ; ? ( - ' )  'd-' *pJ - s a d  
Then a l l  weak limit p o i n t s  o f  ,L-,N! m i n i m i z e  J,('.) o v e r  
gad. Tk,us, f o r   s u f f i c i e n t l y   l a r g e  N ,  o n e   c a n   s o l v e  
t h e   c o r p e s p o n d i n g   f i n i t e - d i m e n s i o q a l   m i n i m i z a t i o n   p r o b -  
l e m  a n d  o b t a i n  a n  a p p r o x i m a t e  s o l u t i o n  o f  t h e  i n f i n i t e -  
d i m e n s i o n a l   p r o b l e m .  
T h i s   i s   t h e   R i t z   m e t h o d  ([6]). A v a r i a n t   o f   t h i s  
i r e t h o d ,   w h i c h   u s e s   p i e c e w i s e - p o l y n o m i a l   a p p r o x i n a t i o n s  
i n   S o b o l e v   s p a c e s ,  seems t o   b e   c o n p u t a t i o n a l l y   v e r y  
a t t r a c t i v e .  
R e f e r e n c e s  
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